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Israel
Abstract. In view of recent experiments in ultracold atomic systems, the
photoassociation of Efimov trimers, composed of three identical bosons, is studied
utilizing the multipole expansion. We study both the normal hierarchy case,
where one-body current is dominant, and the strong hierarchy case, relevant
for photoassociation in ultracold atoms, where two-body current is dominant.
For identical particles in the normal hierarchy case, the leading contribution
comes from the r2 s-mode operator and from the quadrupole d-mode operator.
The s-mode reaction is found to be dominant at low temperature, while as the
temperature increases the d-mode becomes as significant. For the strong hierarchy
case, the leading contribution comes from a 2-body s-wave δ operator. In both
cases log periodic oscillations are found in the cross section. For large but finite
scattering length the amplitude of the oscillations becomes larger in comparison
to infinite scattering length case. We apply our theory to photoassociation of 7Li
ultracold atoms and show a good fit to the available experimental results.
PACS numbers: 31.15.ac,67.85.-d,34.50.-s
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1. Introduction
When the properties of a few-body or many-body
system are insensitive to the details of the microscopic
interaction between its constituents, the system is
said to be Universal. A free gas is the simplest and
somewhat trivial example of universality. A very rich
and important case is a system governed by the low
energy scattering parameters. Such scenario can be
realized in ultra cold atomic systems, where the two-
body scattering length can be tuned by a Feshbach
resonance to be much larger than any other length scale
in the system [1, 2].
The trimer, or the three body system, attracts
special attention as the simplest non-trivial universal
system. Moreover, in the 70’s Efimov predicted that
in the limit of a resonant 2-body interaction, the
system reveals universal properties [3, 4]. A peculiar
prediction is the existence of a series of giant three
body molecules, known as Efimov trimers, that was
verified experimentally a few years ago. For a review
see Ref. [5] and references therein.
The coupling of a radiation field with the system
is a useful experimental tool in physics. The
photoassociation and photodissociation processes are
sensitive ways to measure spectrum and also other
properties of few and many-body systems [6]. Recently,
trimers were formed by radio-frequency (rf) excitations
in both fermionic 6Li [7, 8] and bosonic 7Li [9] systems.
In a previous work [10], we have presented the
multipole analysis of an rf association process binding
a molecule of N identical bosons. We have considered
two different scenarios relevant to photoassociation
experiments in neutral ultra cold atoms, confined in
a strong magnetic field: (i) spin-flip process, and (ii)
frozen-spin process.
In the spin-flip mechanism, the photon induces a
spin state change in the absorbing atom, and most of
its energy is dedicated transferring the atom from one
hyperfine state to another. The typical energy of the
photon in this case is of the order of the hyperfine
splitting. The spin-flip mechanism was materialized
experimentally by [7, 8]. Previous analysis of rf
experiments [11, 12, 13, 14, 15], which relied on the
Franck-Condon factor, is appropriate for describing
these spin-flip reactions.
In the second, frozen-spin, mechanism, the photon
energy is insufficient to bridge the hyperfine gap and
therefore the atom spin is “frozen” throughout the
process. In this case the photon induces a molecular
bound-free transition and the typical photon energy is
of the order of the molecular binding energy.
In [10] we have shown that the spin-flip and
frozen-spin processes differ by their operator structure
and by the de-excitation modes that contribute to
the photoassociation rate. The photoassociation
experiments carried out by the Bar-Ilan group, see e.g.
[9], relied on the frozen-spin mechanism.
We have studied one-body current in frozen-spin
reactions, dealing with dimer formation [10], and also
calculated numerically the quadrupole response of a
bound bosonic trimer [16]. Recently we have identified
another scenario, where two-body currents dominate
the frozen-spin process, and explored the occurrence
of log-periodic oscillations in the reaction cross section
[17].
Here, we study few more aspects of the three body
photoassociation process. These are (i) The interplay
between the s-mode and the d-mode reaction channels
at different temperatures and photon energies, (ii)
The effect of finite scattering length on the reaction
rate. We utilize the hyperspherical coordinates
with the adiabatic expansion to study the trimer
photoassociation process, for both one-body process
as well as for the two-body process. Analytic results
for the transition rates at the unitary point (where
the scattering length diverges) are derived using the
zero-range approximation, and numerical calculations
complete the picture for a large but finite scattering
length. Similarly to the dimer case [10], the s-
mode and the d-mode are found to be the leading
order contributions in the one-body process. The
relative importance of these modes depends on the
temperature, where at low temperature the s-mode
is dominant while at higher temperature the d-mode
becomes as significant. For both one-body and two-
body processes, log-periodic oscillations modulate the
cross section. We found that comparing with the
unitary point, the amplitude of these oscillations is
somewhat larger for finite scattering lengths.
As a concrete example for the usefulness of
our approach we analyze the dimer and trimer
photoassociation experiments carried out by the Bar-
Ilan group in an ultracold atomic 7Li gas [9]. As
already pointed out, the photoassociation mechanism
in these experiments is the frozen spin process. Due
to the strong hierarchy, see Sec. 2, the coupling of
the photon to the system is dominated by the 2-body
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magnetization current. Our theory fits well to the
available experimental results.
The paper is organized as follows, in section 2
we introduce our model and reiterate the multipole
and the currents expansions, describing the interaction
of an rf field with the atomic system. In section
3 we introduce the three-body problem and solve it
using the hyperspherical adiabatic expansion. The
transition matrix elements are calculated in section
4 for infinite, and also for large but finite, scattering
lengths. The transition rates are calculated in section
5, and a detailed comparison to experiment is presented
in section 6. Section 7 concludes our study.
2. The model
In photoassociation experiments [7, 8, 9], a few MHz
rf radiation field is applied to the ultracold atomic gas.
Stimulated emission occurs when the photon energy
matches the difference between the ultracold gas
atoms and the molecule energy, resulting in molecule
formation. The transition rate of such process is given
by Fermi’s golden rule,
ri→f =
2pi
h¯
∑¯
i
∑
f
|〈f,kζ|HˆI |i〉|2δ(Ei − Ef − h¯ω), (1)
where
∑¯
i is an average on the appropriate initial
continuum states and
∑
f is a sum on the final bound
states. The coupling between the neutral atoms and
the radiation field takes the form
HˆI = −
∫
dxµ(x) · ∇ ×A(x)
where µ is the magnetization density and A is the
electromagnetic field at position x. We have shown
[17], that in effective low energy theory [18] µ has
contributions from one-body current as well as more
body currents
µ(x) = µ(1)(x) + µ(2)(x) + . . . . (2)
An effective theory has some UV cutoff Λ, reflecting
some short-range physics which is ignored. Naive
power-counting suggests that each order in this
expansion is suppressed by a factor of (Q/Λ)3, where
Q is the typical momentum of a particle in the system
under consideration. The leading order (LO) one-body
current is [19]
µ(1)(x) =
∑
j
sjµ1δ(x− rj), (3)
where µ1 is the magnetic moment of a single particle, rj
and sj are the position and the spin of particle j. The
two-body contribution to the atomic electro-magnetic
current enters at the next order (N2LO), or (Q/Λ)3,
and takes the form [19]
µ(2)(x) =
∑
i<j
(si + sj)
L2
Λ3
δ(x− ri + rj
2
)δΛ(ri − rj) (4)
where L2 = L2(Λ) is the coupling constant between
the radiation field and the four boson fields. The
notation δΛ(r) stands for Dirac’s δ-function smeared
over distance h¯/Λ.
In the low energy limit Q  Λ, more particles
current can be ignored due to suppression by additional
(Q/Λ)3 factor associated with each extra particle field.
Using box normalization of volume Ω, the electro-
magnetic field reads
A(x) =
∑
k,ζ
√
h¯
2Ωω0
eˆkζ(a
†
kζe
ik·x + h.c.)
where ζ = 1, 2 are the linear photon polarizations, ω is
the photon frequency, k its momentum, and 0 is the
vacuum permeability.
For bosonic systems confined in a strong (static)
magnetic field, the initial and final state atomic wave
functions can be written as a product of spin and
configuration space terms, Ψ = ψLMχMF . The
spin wave function χMF is the symmetrized function
χMF = S [|mF (1)〉|mF (2)〉 . . . |mF (N)〉] with magnetic
quantum number MF =
∑
jmF (j). The spatial wave
function ψLM = ψLM (r1, r2, . . . rN ) is a symmetric
function with angular momentum quantum numbers
LM . Using this factorization, the one-body transition
matrix element in (1) takes the form
〈f,kζ|Hˆ(1b)I |i〉 = −iµ1
√
h¯
2Ωω0
×
N∑
j=1
〈χfM ′
F
|sj · (k× eˆkζ)|χiMF 〉〈ψfL′M ′ |eik·rj |ψiLM 〉,
(5)
whereas the two-body part reads
〈f,kζ|Hˆ(2b)I |i〉 = −i
√
h¯
2Ωω0
L2
Λ3
×
N∑
i<j
〈χfM ′
F
|(si + sj) · (k× eˆkζ)|χiMF 〉×
〈ψfL′M ′ |eik·(ri+rj)/2δΛ(ri − rj)|ψiLM 〉.
(6)
Using spherical notation, the spin operator reads
s·(k× eˆkζ) =
∑
λ(−)λs−λ ·(k× eˆkζ)λ, where λ = 0,±1.
The geometrical factor, η = (kˆ × eˆkζ)λ, is maximal
(minimal) for the frozen spin λ = 0 case (spin flip
λ = ±1 case), when the rf magnetic component is
parallel to the static magnetic field.
The photon wavelength of rf radiation is much
larger than the typical dimension of the system R,
therefore kR  1 and the lowest order in kR
dominates the interaction. When the photon can
induce a Zeeman state change, i.e. spin-flip, the leading
contribution comes at order k. Energy is delivered to
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the system through the spin matrix element and we
can approximate eik·r ' 1, to get
|〈f,kζ|Hˆ(1b)I |i〉|2 =
µ21h¯kη
2
2Ωc0
∑
λ=±1
|〈χfM ′
F
|
N∑
j=1
sj,λ|χiMF 〉|2|〈ψfL′M ′ |ψiLM 〉|2δL,L′δM,M ′ .
(7)
The last term on the rhs of (7) is just the Franck-
Condon factor, that appears in the commonly used
theory of photoassociation, such as Eq. (3) in Ref.
[11].
When the rf photon cannot induce change in the
spin structure of the system, λ = 0, and we call the
process a frozen spin reaction. In this case M ′F = MF ,
|χfMF 〉 = |χiMF 〉 and the transition matrix element can
be written as
〈f,kζ|Hˆ(1b)I |i〉 =− iµ1
√
h¯
2Ωω0
kη〈s0〉×
〈ψfL′M ′ |
N∑
j=1
eik·rj |ψiLM 〉 ,
(8)
where 〈s0〉 = 1N
∑
j〈χiMF |sj,0|χiMF 〉 is the average
single particle magnetic moment, which plays the role
of an effective charge.
In the long wavelength limit, the exponent can be
expanded to yield
N∑
j=1
eik·rj ≈ N + i
N∑
j=1
k · rj − 1
6
N∑
j=1
k2r2j
− 4pi
15
N∑
j=1
k2r2j
∑
m
Y2−m(kˆ)Y2m(rˆj),
(9)
where Ylm are the spherical harmonics. Clearly this
expansion has transparent physical meaning. The zero
order operator is proportional to 1 and stands for
elastic interaction. In photon emission reaction this
process is forbidden by energy conservation. Next
comes at first order the dipole. Dealing with identical
particles, this term is proportional to the center of mass
and hence cannot affect internal degrees of freedom.
Two operators appear at second order: the r2 operator,
corresponding to s-mode reaction, and the quadrupole
terms, corresponding to d-mode reaction. Summing
over the initial and final magnetic numbers M and M ′,
the transition matrix element reads [10]∑
M,M ′
|〈f,kζ|Hˆ(1b)I |i〉|2 =
4pih¯k5µ21η
2
2Ωc0
|〈s0〉|2 1
62
|〈ψfL′‖
N∑
j=1
r2jY0‖ψiL〉|2 +
1
152
|〈ψfL′‖
N∑
j=1
r2jY2(rˆj)‖ψiL〉|2
 . (10)
For the two body current, we can again utilize the
long wave approximation eik·(ri+rj)/2 ≈ 1 to get
|〈f,kζ|Hˆ(2b)I |i〉|2 =
4h¯k
2Ωc0
L22η
2
Λ6
|〈s0〉|2×
|〈ψfL′M ′ |
N∑
i<j
δΛ(ri − rj)|ψiLM 〉|2.
(11)
To find the most relevant operators for the
photoassociation process one should consider both the
low energy expansion (2) and the long wavelength
expansion (9). Dealing with trimer photoassociation,
the photon energy has to be of the order of the
trimer binding energy E3. Therefore the long
wavelength expansion parameter can be written as
kr ≈ √E3/Mc2 ≈ Q/Mc, where we used r ≈√
h¯2/ME3. Therefore one should compare the long
wavelength expansion parameter, kr ≈ Q/Mc to the
low energy expansion parameter Q/Λ. If Q/Λ 
Λ/Mc, the two-body currents appearing at order
(Q/Λ)3 are much smaller than the second order
(kr)2 ≈ (Q/Mc)2 terms. This normal hierarchy case
is the situation in the limit Q −→ 0. In the other
extreme, when ΛMc, the two-body current is more
important than the one-body current, proportional to
(Q/Mc)2. This case of strong hierarchy is typical
for photoassociation experiments in ultracold atoms
[7, 8, 9]. There, the separation between the mass scale
and the binding energy is much bigger than the ratio
between the scattering length and the effective range.
3. The Three Body Problem
The Schroedinger equation governs the dynamics of a
quantum 3 particle system
(T +W )ψ = Eψ, (12)
where T is the kinetic energy operator in the center of
mass frame and W is the potential. Here we assume
a short range 2-body forces, thus W =
∑
i<j V (|ri −
rj |). To solve this problem we use the hyperspherical
coordinates and the adiabatic expansion [20, 21]. In
the following section we review these methods and
extend them for the L > 0 case.
3.1. The Hyperspherical coordinates
To eliminate the center of mass motion, we define the
Jacobi coordinates,
xi =
√
1
2
(rj − rk), yi =
√
2
3
(
−ri + rj + rk
2
)
where {ijk} is a cyclic permutation of {123}. The
relation between two sets of Jacobi coordinates (xi,yi)
and (xj ,yj) is given by the kinematic rotation,(
xj
yj
)
=
( − cosφij sinφij
− sinφij − cosφij
)(
xi
yi
)
. (13)
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For the case of 3 identical particles, φij = ±pi/3, where
the sign is fixed by the parity of the permutation {ijk}.
For each set of Jacobi coordinates we can define a set of
hyperspherical coordinates (ρ,Ωi), where ρ
2 = x2i +y
2
i ,
Ωi = (αi, xˆi, yˆi), and tanαi = xi/yi. Two different sets
of hyperspherical coordinates are related through
2 sin2 αj = 1− cos 2φij cos 2αi − γi sin 2φij sin 2αi, (14)
where γi = xˆi · yˆi. The hyperradius ρ is invariant
under kinematic rotations, particle permutations, and
therefore under change of coordinates sets.
In the hyperspherical coordinates the kinetic
energy operator reads,
T = − h¯
2
2m
(
∂2
∂ρ2
+
5
ρ
∂
∂ρ
− Kˆ
2
ρ2
)
. (15)
Here, Kˆ2 is the square of the grand angular momentum
operator,
Kˆ2 = − 1
sin 2α
∂2
∂α2
sin 2α+
lˆ2x
sin2 α
+
lˆ2y
cos2 α
− 4 , (16)
and lˆx, lˆy are the angular momentum operators
corresponding to x,y coordinates. The hyperspherical
presentation of a central two-body potential reads,∑
i<j
V (|ri − rj |) =
∑
i
V (
√
2ρ sinαi). (17)
3.2. The Adiabatic Expansion
Next we apply the adiabatic expansion [20] and write
the wave function ψ in the form
ψ(ρ,Ω) =
∑
n
ρ−5/2Rn(ρ)Φn(ρ,Ω). (18)
The hyperspherical functions Φn(ρ,Ω) are the solutions
of the hyperangular equation,(
Kˆ2 +
2mρ2
h¯2
∑
i
V (
√
2ρ sinαi) + 4
)
Φn(ρ,Ω) =
ν2nΦn(ρ,Ω),
(19)
corresponding to the eigenvalue ν2n. The hyperradial
functions Rn(ρ) are the solutions of the hyperradial
equation,(
− ∂
2
∂ρ2
+ Veff(ρ)− 
)
Rn(ρ) =∑
n′;n′ 6=n
(2Pnn′
∂
∂ρ
+Qnn′)Rn′(ρ)
(20)
where  = 2mE/h¯2, Veff is the effective hyperradial
potential, and Pnn′ , Qnn′ are the non-adiabatic
couplings. The effective potential is given by
Veff(ρ) =
ν2n(ρ)− 1/4
ρ2
−Qnn,
and the non-adiabatic couplings are
Pnn′(ρ) =
〈
Φn(ρ,Ω)
∣∣∣∣ ∂∂ρ
∣∣∣∣Φn′(ρ,Ω)〉
Ω
Qnn′(ρ) =
〈
Φn(ρ,Ω)
∣∣∣∣ ∂2∂ρ2
∣∣∣∣Φn′(ρ,Ω)〉
Ω
.
(21)
The expectation value 〈...〉Ω stands for integration over
the hyperangles Ω.
3.3. The Hyperangular Equation
For low energy physics, when the extension of the
wave function is much larger than the range of the
potential, one can utilize the zero range approximation.
In this approximation the lateral extension of the
potential is neglected all together, and the action of
the potential is represented through the appropriate
boundary conditions. For a two-particle system the
low energy interaction is dominated by the s-wave
scattering length a and the wave function fulfills
the boundary condition [u′/u]r=0 = −1/a. The
corresponding 3-body condition is[
1
2αiΦ
∂
∂αi
2αiΦ
]
αi=0
= −
√
2
ρ
a
. (22)
Dealing with wave functions of definite total
angular momentum quantum numbers L,M , we use
a Faddeev-like decomposition,
Φ(ρ,Ω) = Ni
∑
i
∑
lx,ly
φ
lx,ly
i (ρ, αi)Y
L,M
lx,ly
(xˆi, yˆi), (23)
where Ni is a normalization constant and
Y L,Mlx,ly (xˆ, yˆ) =
∑
mx,my
〈lxmxlymy|LM〉Ylxmx(xˆ)Ylymy (yˆ).(24)
It should be noted that for a bosonic system lx must
be even.
In the zero range approximation each Faddeev
component is a solution of the free hyperangular
equation,
(Kˆ2 − Λ)φi(ρ,Ωi)Y L,Mlx,ly (xˆ, yˆ) = 0 , (25)
with the appropriate boundary conditions.
One family of solutions to (25) is the hyperspher-
ical harmonics [22],
YKLMlxly (Ω) = ϕKlx,ly (α)Y L,Mlx,ly (xˆ, yˆ) (26)
where
ϕKlx,ly (α) = N
K
lx,ly sin
lx α cosly αP (lx+1/2,ly+1/2)n (cos 2α).(27)
Here P
(αβ)
n are the Jacobi polynomials, n = (K − lx −
ly)/2, and
NKlx,ly =
√
2n!(K + 2)(n+ lx + ly + 1)!
Γ(n+ lx + 3/2)Γ(n+ ly + 3/2)
.
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Note that n is a non-negative integer and therefore
K ≥ lx+ ly. The hyperspherical harmonics correspond
to Λ = K(K+4) and are regular at α = 0 and α = pi/2.
Another family of solutions can be found by
generalizing (26) to a non-integer K (and n),
loosing the regularization in one edge. Due to the
boundary condition (22), we need such solution for the
interaction channel, i.e. the lx = 0 component. Such
solutions, corresponding to the eigenvalue Λ = ν2 − 4,
are PLν (α)/ sin 2α and Q
L
ν (α)/ sin 2α [23], where
PLν (α) = cos
L α
(
∂
∂α
1
cosα
)L
sin
(
ν
(
α− pi
2
))
(28)
and
QLν (α) = cos
L α
(
∂
∂α
1
cosα
)L
sin (να) . (29)
The first (second) solution is regular at α = pi/2
(α = 0) and not regular at α = 0 (α = pi/2).
For evaluating the rf transition matrix elements
we need to consider L = 0 and L = 2 states. Their
explicit form is given by
P 0ν (α) = sin
(
ν
(
α− pi
2
))
Q0ν(α) = sin(να),
(30)
and
P 2ν (α) = 3ν tanα cos
(
ν
(
α− pi
2
))
− (2 + ν2 − 3 sec2 α) sin
(
ν
(
α− pi
2
))
Q2ν(α) = 3ν tanα cos(να)− (2 + ν2 − 3 sec2 α) sin(να).
(31)
3.4. The Projection Operator
It is convenient to project the wave function (23) on a
single coordinate system [23]. The resulting expression
takes the form
Φ(Ωi) = Ni
∑
lx,ly
{
φ
lx,ly
i (αi)
+
∑
j 6=i
∑
l′x,l′y
R
(lxly)(l
′
xl
′
y)
ij
[
φ
l′x,l
′
y
j (αj)
]
(αi)
}
Y L,Mlx,ly (xˆi, yˆi) ,
(32)
where Rij , the projection operator is given by
R
(lxly)(l
′
xl
′
y)
ij [φ(αj)](αi) ≡∫
dxˆi
∫
dyˆiY
LM∗
lxly (xˆi, yˆi)φ(αj)Y
LM
l′xl′y
(xˆj , yˆj)
(33)
To calculate Rij we first study the limit αi = 0.
From (13) it follows that in this case, xj = ±
√
3yi/2,
yj = −yi/2 and αj = pi/3. The ± sign depends on
the direction of the kinematic rotation. The integral
in (33) can now be evaluated, yielding
R
(lxly)(l
′
xl
′
y)
ij [φ(αj)](αi = 0) =
φ(pi/3)(∓)l′xδlx,0δly,L
√
(2l′x + 1)(2l′y + 1)
(
l′x l
′
y L
0 0 0
)
,
(34)
where the last term is the 3-j symbol. Some conclusions
emerge:
a. The projection at αi = 0 is zero for all waves
but lx = 0, ly = L; similar considerations show that
the projection at αi = pi/2 is zero for all waves but
lx = L, ly = 0.
b. Due to the (∓)l′x factor, for odd l′x the two
rotations cancel each other.
c. The 3-j symbols equal zero unless l′x + l
′
y +L is
even.
d. Using this result, an explicit formula for the
lx = 0 or ly = 0 Raynal-Revai coefficients 〈lxly|l′xl′y〉KL
[24] can be constructed. See Appendix A for details.
Focusing on the lx = 0, ly = L case, the projection
operator can be computed for any αi [25]. This
is because for αi ≤ pi/3 the rotated function is an
eigenfunction of the kinetic energy operator with the
same eigenvalue, but is regular for αi = 0, therefore
it is proportional to QLν . The proportionality constant
can be calculated by matching with the known value
at αi = 0. Similarly, the rotation for αi ≥ pi/3 is
proportional to PLν , and the proportionality constant
can be found by matching at αi = pi/3.
Finally, defining P˜Lν = P
L
ν / sin(2α) and Q˜
L
ν =
QLν / sin(2α),
R
(0L)(0L)
ij [P˜
L
ν (αj)](αi) = (−1)L×{
Q˜Lν (αi)P˜
L
ν (pi/3)/Q˜
L
ν (0) 0 ≤ αi ≤ pi/3
P˜Lν (αi)Q˜
L
ν (pi/3)/Q˜
L
ν (0) pi/3 ≤ αi ≤ pi/2.
(35)
3.5. Imposing the Boundary Condition
In the limit of infinite scattering length, the adiabatic
expansion decouples and the non-diagonal couplings
Pnn′ , Qnn′ vanish [23]. In this limit, the lowest energy
hyperangular function takes the form
φi(αi) = P
L
ν (αi)/ sin(2αi) . (36)
The eigenvalues ν will emerge as we impose the
appropriate boundary conditions at αi = 0. We have
seen in (34), that the rotation Rij at αi = 0 includes
only the lx = 0 partial wave, therefore for small αi (32)
is simply given by [26],
sin 2αi
Ni
Φ(Ωi) =P
L
ν (αi) + 2(1 + (−)L)αiP˜Lν (pi/3)
+O(α2i )
(37)
Therefore the boundary conditions (22), turn into
∂PLν (0)
∂α
+
4√
3
(1 + (−)L)PLν (pi/3) = −
√
2ρ
a
PLν (0) .(38)
For L = 0 the resulting equation for ν is [4]
ν cos(νpi/2)− 8√
3
sin(νpi/6) =
√
2ρ
a
sin(νpi/2). (39)
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Figure 1. (Color online) The two lowest angular eigenvalue
ν as a function of ρ/a for L = 0 (Upper panel) and L = 2
(Lower panel). The asymptotic solutions are dashed. Negative
ν corresponding to imaginary solution.
For |a| = ∞ the solution with lowest ν2 is ν0 ≈
1.00624i, corresponding to the Efimov trimer. For a >
0 this solution approaches asymptotically a particle
scattering from a universal dimer, where Veff(ρ −→
∞) = −1/a2 [27]. The spurious solution ν = 4 is just
Φ = 0.
For L = 2 the corresponding equation for ν is,
ν(4− ν2) cos(νpi/2) + 24ν cos(νpi/6)+
8√
3
(ν2 − 10) sin(νpi/6) = −ρ
a
(ν2 − 1) sin(νpi/2) (40)
For |a| = ∞ the lowest non-trivial solution is ν2 ≈
2.82334. For a > 0 this solution asymptotically
converges to particle-dimer d-wave scattering, where
Veff(ρ −→ ∞) = L(L + 1)/ρ2 − 1/a2. The ν = 0, 1, 2
correspond to the spurious solution Φ = 0. For ρ |a|
solutions with ν an even integer, are just the regular,
free, hyperspherical harmonics.
The two lowest eigenvalues of the hyperangular
equation, with the appropriate boundary conditions
(39),(40), are plotted in Fig. 1 for L = 0 and L = 2,
with their asymptotic forms.
3.6. The Hyperradial Equation
To proceed analytically, we focus on the unitary limit,
|a| → ∞. In this case νL(ρ) = νL and Φ(ρ,Ω) = Φ(Ω),
therefore the non-adiabatic couplings, Eq. (21), vanish
and the hyperradial equation for R(ρ)/√ρ is just the
Bessel equation,
− ∂
2Rn(ρ)
∂ρ2
+
ν2L − 1/4
ρ2
Rn(ρ) = Rn(ρ). (41)
In order to calculate the trimer photoassociation,
caused by s− and d-wave operators, we have to
solve the L = 0 bound state as well as the L =
0, 2 continuum states. The needed solutions are the
followings:
I. A bound state ( < 0) with L = 0, and
ν0 ≈ 1.00624i. In this case the relevant solution is
proportional to the modified Bessel function of the
second kind and imaginary order,
√
ρKν0(κρ), where
κ =
√−. At the origin, this solution behaves like
sin(ν ln(κρ/2) − γν), where γν0 ≈ −0.301. Therefore
regularization is needed to avoid collapse, e.g. setting
R(ρ ≤ ρ0) = 0 for some finite ρ0. The result is the
discrete Efimov spectrum,
m
0
= e−2pim/|ν0| ≈ 515−m. (42)
The normalized wave functions are
R(m)B (ρ) = NBκm
√
ρKν0(κmρ) (43)
where NB =
√
2 sin ν0pi/ν0pi ≈ 2.730, and
κm
κ0
= e−pim/|ν0| ≈ 22.7−m. (44)
II. Scattering state ( > 0) with L = 0, and
ν0 ≈ 1.00624i. The solution is composed of the real
part of the Bessel functions of the first and second kind
of imaginary order,
Rs(ρ) =
√
qρ
2R
[sin δRe[Jν0(qρ)] + cos δRe[Yν0(qρ)]] (45)
where q =
√
 and we assume normalization in a sphere
of radius R. The phase shift δ is to be found from the
boundary condition, Rs(ρ0) = 0.
In the scattering problem, functions with higher
ν, corresponding to the same angular momentum
L = 0 and energy , are also legitimate solutions.
However, due to the orthogonality in Ω, there is no
overlap between these functions and the bound state,
and therefore no contribution to the photoassociation
transition matrix elements.
III. Scattering state ( > 0) with L = 2, and real
ν2. The solutions are composed of the Bessel functions
of first and second kind,
Rd(ρ) =
√
piqρ
R
[sin δdJν2(qρ) + cos δdYν2(qρ)] . (46)
The phase shift δd is to be determined by the condition
Rd(ρ0) = 0. The three lowest values for ν2 are,
ν2 ≈ 2.823, ν12 ≈ 5.508 and ν22 ≈ 6.449.
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4. The Transition Matrix Elements
Now that we have solved the Schroedinger equation
and obtained the L = 0 bound state wave function
and the L = 0, 2 scattering wave functions, we are in
a position to evaluate the transition matrix elements,
in both hierarchies. For the normal hierarchy case the
needed matrix elements (10) read,
Is1b = 〈ψfL′‖
N∑
j=1
r2jY0‖ψiL〉, (47)
for the s−mode transition and
Id1b = 〈ψfL′‖
N∑
j=1
r2jY2(rˆj)‖ψiL〉 (48)
for the d−mode. For the strong hierarchy case (11) the
matrix element is,
I2b = 〈ψfL′‖
N∑
i<j
δΛ(ri − rj)‖ψiL〉, (49)
These matrix elements are proportional to integrals of
the type
IJ(ν,m) =
∫ ∞
ρ0
dρKν0(κρ)ρ
m+1Re[Jν(qρ)]. (50)
or IY (ν,m) with Yν replacing Jν .
Taking the lower limit to zero, these integrals can
be evaluated analytically,
IJ(ν,m) ≈ Re
[
2mNmν0,ν
κm+2
( q
κ
)ν
2F1
(
a, b; c;−(q/κ)2)] (51)
where 2F1 is the hypergeometric function with
parameters a = m−ν0+ν2 + 1, b =
m+ν0+ν
2 + 1, and
c = ν + 1, and Nmν0,ν = Γ(a)Γ(b)/Γ(c). For q < κ this
approximation amounts to an error ∆I/I ∼ xm+2n ,
where x0 ≈ 0.06 is the largest zero of Kν0(x) and xn is
the n’th root. Similar results can be obtained for IY .
4.1. Transition matrix elements in the normal
hierarchy case
The r2 matrix element. The r2 operator connects the
L = 0 bound state to the L = 0 scattering state.
We note that
∑
j r
2
j = ρ
2 + 3R2CM where RCM is the
center of mass coordinate. As the CM cannot induce
inelastic transition, the matrix element is reduced into
the hyperradial integral
Is(κ, q) =
∫ ∞
0
dρR∗B(ρ)ρ2Rs(ρ). (52)
Substituting Eqs. (43) and (45) into (52), we get
Is(κ, q) =
√
q
2R
NBκ [IJ(ν0, 2) sin δ + IY (ν0, 2) cos δ] .(53)
This integral depends on the momentum of the bound
state κ and the scattering state q. The maximal value
of Is(κ, q) is obtained when q ≈ κ/2. For higher Efimov
states, this integral scales such as
p5/2Is(κm, qp) = Is(κ0, q)
where p = κm/κ0 = 22.7
−m,
It should be noted that (52) leads to an oscillatory
log-periodic response function, see discussion in
[17]. At threshold, the matrix element (52)
gets a particularly simple form which can be well
approximated by [17]
Is(κ, q) ≈ Cκ−3√q
(
1 +
B3
2
cos(2|ν0| ln q
κ
)
)
(54)
where C is a constant that contains the normalization
factors, and B3 ≈ 8.475% is the normalized amplitude
of these oscillations. These oscillations modulate the
matrix element all the way to the high energy tail.
Whereas log periodic oscillations at the high energy
tail appear in all partial waves [28], at threshold the
oscillations appear only in this s-wave transition.
The quadrupole matrix element. The quadrupole
operator,
∑
j r
2
jY
M
2 (rˆj) connects the L = 0 bound
state with L = 2 scattering states. Using rj =
RCM−
√
2
3yj and working in center of mass coordinate
system, this operator reads 23
∑
j y
2
jY
M
2 (yˆj). Setting
y2j = ρ
2 cos2 αj , the reduced matrix element can be
written as
〈ψB‖
∑
j
r2jY2‖ψd〉 =
3
2
√
5IρIΩ. (55)
Here the hyperradial integral Iρ is
Iρ =
∫ ∞
0
dρR∗B(ρ)ρ2Rd(ρ). (56)
Substituting Eqs. (43) and (46) into (56), we get an
expression similar to (53),
Iρ(κ, q) =
√
piq
R
NBκ [IJ(ν2, 2) sin δd + IY (ν2, 2) cos δd] .(57)
The hyperangular integral IΩ, reads
IΩ =
∫
dΩΦf (Ω)
∑
j
cos2 αjY20(yˆj)Φi(Ω). (58)
To evaluate this integral, the hyperangular wave
function, written in mixed coordinate systems,
ΦL(Ω) =
∑
i
PLν (αi)Y0L(xˆi, yˆi)/ sin 2αi
is to be integrated in a single coordinate system.
Transforming to body-fixed coordinate system and
integrating over the Euler angles, the integral over the
5 angles (α1, xˆ1, yˆ1) is transformed into an integral
over (α1, γ1) [30], that is evaluated numerically. See
Appendix B for details. For the lowest ν2 the integral
yields IΩ ≈ 0.368. For the next two νi2’s the integrals
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Figure 2. (Color online) One-body current: The transition
matrix element I21b, as a function of the relative momentum q/κ,
normalized to 1 for the maximum value at |a| = ∞ The two
modes are presented - r2 (red, peaked around q = κ/2), and
quadrupole (blue, peaked around q = κ), with their sum (black).
Shown are the results for the unitary point (solid lines) and for
finite scattering length, κa = −100 (dotted lines) and κa = −50
(dashed lines).
are respectively 0.023 and 6.9 × 10−4, therefore these
modes give negligible contribution to the reaction
rates.
Here as in the previous case, the hyperradial
integral Iρ leads to log-periodic oscillations in the high
energy tail [17].
Relative importance. The relative contribution of
the s, d modes to the trimer formation is displayed in
Fig. 2, where the last term in parenthesis on the rhs
of (10) is presented normalized, along with the s and
d components. Similarly to the dimer formation case
[10], the s-wave association is peaked around q ∼= κ/2,
while the d-wave association is peaked around q ∼= κ.
In case of large but finite scattering length, the
eigenvalue of the hyperangular equation, (39) and (40),
depends on ρ and therefore the hyperradial equation
(20) is to be solved numerically. In addition, the
non-adiabatic couplings (21) must be considered. The
numerical results for finite a are also shown in Fig. 2
for κa = −100 and κa = −50. From the figure it can
be seen that the |a| −→ ∞ limit is well reproduced if
κ|a| > 100.
4.2. Transition matrix elements in the strong
hierarchy case
Moving now to study the two-body current, there is
no center of mass contribution, and the transition
operator is a scalar exciting an L = 0 bound state
into an L = 0 scattering state. The transition matrix
element is given by,
I2b = 〈ψB |
∑
i<j
δΛ(ri−rj)|ψi〉 = 3√
8
〈ψB |δΛ(x)|ψi〉 .(59)
Assuming a simple regularization, δΛ(x) = 3Λ
3Θ(1 −
Λx)/4pi, this matrix element can be calculated,
I2b =
9Λ2
64pi
NBN
2
i κ
√
q
R
| sin(ν0pi/2)|2×
[IJ(ν0,−1) sin δ + IY (ν0,−1) cos δ] .
(60)
To renormalize the transition matrix element and
remove the cutoff dependence we turn to the dimer
photoassociation [10]. In the zero range approximation
the dimer s-wave continuum wave function is just ψi =√
2/R sin(qr+δ)/r, and the corresponding bound state
wave function is ψB =
√
2κe−κr/r. Consequently the
transition matrix element due to the 2-body process is
I2b,d =〈ψB |δΛ(r)|ψi〉 = Λ3 6
4pi
√
κ
R
(
q cos δ + κ sin δ
q2 + κ2
− e−κ/Λ q cos(δ + q/Λ) + κ sin(δ + q/Λ)
q2 + κ2
) (61)
which for large values of Λ can be approximated as
I2b,d = Λ
2 6
4pi
√
κ
R
sin δ +O(Λ) (62)
Comparing this result to (60), one can see that the
cutoff dependence of the 2-body current operator, L2 =
L2(Λ) in (11), can be fixed by dimer photoassociation
experiments such that the trimer photoassociation rate
is a prediction of this theory.
As an alternative approach to fix L2(Λ), we can
study the shift of the dimer binding energy due to a
small change in the static magnetic field. On one hand,
δE2 = 〈ψB |H(2b)I |ψB〉 =
L2
Λ3
3
pia
〈s0〉Λ2δB +O(Λ). (63)
On the other hand, in the vicinity of a Feshbach
resonance
a(B) ≈ abg ∆
B −B0 , (64)
where abg is the background scattering length, ∆ is the
resonance width and B0 its position, therefore
δE2 =
dE
da
da
dB
δB =
2h¯2
maabg∆
δB. (65)
Comparing (63) and (65), L2(Λ) can be determined,
L2(Λ) =
2pi
3
h¯2
mabg∆
1
〈s0〉Λ. (66)
In Fig. (3) the two-body transition matrix element
is shown as a function of the relative momentum q/κ.
The validity of the approximation deriving (51) is
also checked by evaluating the integral numerically,
starting from ρ0. It can be seen that while for the
low momentum regime this approximation is excellent,
for the high momentum tail it deviates from the exact
result. Numerical results for finite a are also shown in
Fig. (3). For κa = −100 and κa = −50, we see no
significant difference comparing to the unitary point.
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Figure 3. (Color online) Two-body current: The transition
matrix element I22b, as a function of the relative momentum q/κ,
normalized to 1 for the maximum value at |a| = ∞. For the
unitary point the exact result is shown (blue solid line), as well
as the approximation of (60) (red dot-dashed line). Also shown
are results for finite scattering length, κa = −100 (dotted lines)
and κa = −50 (dashed lines).
5. Transition rates
To evaluate the trimer photoassociation rate (1), we
have to average on the initial states
∑¯
i and to sum
over the final states
∑
f . The initial three-body
state |i〉 = |qLMlxly〉 describes three atoms in the
continuum with relative momentum q and angular
momenta L,M, lx, ly. The average on these states takes
the form∑¯
i
=
1
pi
∫ ∞
0
dq
∑
[K]
(
R+
dδ
dq
)
P[K](q) , (67)
where P[K](q) is the probability of finding an atomic
trio with quantum numbers [K] = {KLMlxly} and
momentum q. For system in thermal equilibrium
with temperature T higher than the condensation
temperature,
P[K](q) =
1
Z e
− h¯2q22mkBT ,
where Z is the partition function, kB is the Boltzmann
constant and T is the temperature.
The sum
∑
f contains all possible trimer quantum
numbers and all possible photons weighted by the
emission function,∑
f
=
∑
k,ζ
∑
L′,M ′
(1 +Nkζ), (68)
where Nkζ is the number of photons with momentum
k and polarization ζ in the final state. The stimulating
rf radiation is a narrow distribution centered at some
krf . Therefore Nkζ ≈ Nkrfζrf δk,krf δζ,ζrf , where krf is
the momentum of the stimulating rf field and ζrf is its
polarization.
5.1. Transition rate in the normal hierarchy case
Substituting (10), (67) and (68) into Fermi’s golden
rule (1), the trimer formation rate in the normal
hierarchy case is given by
r1bi→f =
4piµ21R
0c6
m
h¯2
nrf |〈s0〉|2 η2ω
5
q
P (q)
(
I2s
62
+
5I2d
152
)
.(69)
where nrf = Nkrf ,ζrf/Ω is the photon density of the
rf field. The relative momentum q is connected to the
photon energy through energy conservation h¯2q2/2m =
−E3 + h¯ω, where E3 is the trimer binding energy.
The relative importance of the s, d modes shifts
with temperature. This point is demonstrated in Fig.
4, where the s, d rates to the trimer photoassociation,
at the unitary point |a| = ∞ and for large but
finite scattering length are presented for kBT =
E3 and kBT = 0.2E3. The importance of the
d mode grows with the ratio kBT/E3. Therefore
we can conclude that for small kBT/E3 values, the
photoassociation is an s-wave process while for large
values the two modes have similar importance. In
addition, oscillations in the response can be clearly seen
at the low frequency regime. These oscillations result
form the log-periodic structure of the matrix element
[17]. At higher temperature these oscillations are
stronger while at lower temperatures this manifestation
of the Efimov effect is suppressed by the Boltzmann
factor. The amplitude of the oscillations is larger for
finite scattering length than at the unitary point.
5.2. Transition rate in the strong hierarchy case
For the strong hierarchy case, the trimer formation rate
is given by
r2b,ti→f =
L22
Λ6
4mR
h¯2c20
nrf |〈s0〉|2 η2ω
q
Pt(q)I
2
2b,t. (70)
Here we have added the subscript “t” to P (q), I2b
to stress these are trimer related quantities. The
corresponding dimer formation rate for this case is
given by
r2b,di→f =
L22
Λ6
2mR
h¯2c20
nrf |〈s0〉|2 η2ω
q
Pd(q)I
2
2b,d, (71)
where Pd(q) is the probability for a pair of particles to
be in L = 0 state with momentum q. Comparing these
two results and using Eqs. (62),(66) we finally obtain
r2b,ti→f
r2b,di→f
= 2
Pt(q)
Pd(q)
I22b,t
I22b,d
(72)
and
r2b,di→f =
(
h¯2
mabg∆
)2
2m
h¯2c20
nrfη
2ω
q
Pd(q)κ sin
2 δ(q) (73)
One should note that these results are independent
of the cutoff parameter Λ. The dependence of the
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Figure 4. (Color online) One-body current: The normalized
trimer photoassociation rate as a function of the rf photon
frequency, for different temperatures and scattering lengths. The
total (black), the r2 (red, low energy peak) and the quadrupole
(blue) rates are presented, for temperature of kBT = E3 (upper
panel) and kBT = 0.2E3 (lower panel). Shown are results for
the unitary point (solid lines) and for finite scattering length,
κa = −100 (dotted lines) and κa = −50 (dashed lines).
rates on the normalization radius R enters through the
probability Pd/t(q).
The trimer transition rate for the strong hierarchy
case is shown for kBT = E3 in Fig. 5. Here as
in the normal hierarchy case, log periodic oscillations
are visible. For finite scattering length they are
amplified. Since there is only a single channel here,
the low temperature behavior is similar to the high
temperature, and therefore not shown.
6. Experimental results
In this section we apply our theory to the photoasso-
ciation of ultracold 7Li atoms, and fit it to the experi-
mental results of the Bar-Ilan group [9].
In this experiment, a gas of 7Li atoms on the |F =
1,mF = 0〉 state was cooled down to T ≈ 1.5µK, with
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Figure 5. (Color online) Two-body current: The normalized
trimer photoassociation rate as a function of the rf photon
frequency. Shown are the results for kBT = E3 at the unitary
point (solid lines) and at finite scattering lengths, κa = −100
(dotted line) and κa = −50 (dashed line).
mean density of about 1012cm−3. A static magnetic
field was applied in the vicinity of a Feshbach resonance
at ∼894 G. Then an rf field was turned on for ∼ 1 msec.
The magnetic component of the rf field was parallel to
the static magnetic field, therefore η = 1. The number
of atoms remains in the trap was measured as function
of the rf frequency.
The scattering length in this experiment is
positive, therefore both dimers and trimers can be
associated by the rf field. The experimental signal
for photoassociation is particle loss from the trap. In
both cases three particles are lost for each associated
molecule. Internal collisions break the trimer into a
deeply bound dimer and an atom, both carry high
kinetic energy and therefore escape the trap. The
dimer collides with a third atom and decays to a
deeper bound state, and in the process enough energy
is released such that both atom and dimer escape the
trap.
To connect the photoassociation rate to the mea-
sured quantity we integrate the population evolution
equation
N˙ = −3r2b,di→f
N2
2
− 3r2b,ti→f
N3
3!
, (74)
where the dimer (trimer) photoassociation rate is
multiplied by the numbers of pairs (trios) is the system.
Since this experiment is clearly in the strong hierarchy
regime, we use Eqs. (70) and (71) for the transition
rates.
To fix the value of L2 we use Eq. (66), where
the relevant Feshbach resonance parameters are abg ≈
−18.24a0 and ∆ ≈ −237.8G [29]. Doing so, see Eqs.
(72),(73), the transition rate is independent of Λ and
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Table 1. The fitting parameters for the 7Li photoassociation
experimental results. Here n is the number density and σ is the
broadening width.
Case a(a0) n(1012cm−3) Brf (G) E3/h (MHz) σ (kHz)
a 806 1.3 0.6 0.93 25
b 629 1.0 0.52 1.45 20
also of the effective charge 〈s0〉.
The photon density is connected to the amplitude
of the oscillating magnetic field Brf through nrf =
B2rf/2µ0h¯ω, where µ0 is the vacuum permeability.
Due to strong rf field there is power broadening
which blurs the fine structure of the transition rate.
To account for this effect we convolute the transition
rates with a Gaussian,
ri→f (ω) =
1√
2piσ
∫
dω′ri→f (ω′)e
− (ω−ω′)2
2σ2 , (75)
where the Gaussian width σ was fitted to the
experimental results.
The fitting parameters are shown in Table 1.
Our theory for photoassociation of 7Li ultracold
atoms, as well as the experimental results of Ref. [9] are
shown in Fig. 6. To distinguish the power broadening
effect the results without broadening are also shown
in dotted curve. Our theory agrees well with the
experimental results, and the fitting parameters are
within the experimental uncertainty. However, the
experimental resolution limits the ability to identify
fine details of the association process.
7. Conclusion
To conclude, we have applied the multipole expansion
to study universal trimer photoassociation. One-body
and two-body current were explored. For normal
hierarchy case, where the one-body current dominates,
the two leading s− and d− modes are studied and
their relative contribution is shown to vary with
temperature. In ultracold atoms, and other strong
hierarchy systems, the relevant operator is found to
be the two-body current. The log-periodic oscillations
which modulate the cross section in both scenarios
is found to be amplified for finite scattering length
compared to the unitary point. We apply out theory
to 7Li ultracold atoms photoassociation and show nice
fit with the available experimental results.
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Appendix A. Raynal-Revai coefficients
Our calculation of the projector operator (34), provides
an explicit formula for the lx = 0 or ly = 0 Raynal-
Revai coefficients 〈lxly|l′xl′y〉KL [24], defined by
YKLMlxly (Ωi) =
∑
l′xl′y
〈lxly|l′xl′y〉KLYKLMl′xl′y (Ωj). (A.1)
Using the orthogonality of the hyperspherical harmon-
ics we get,
〈lxly|l′xl′y〉KL =
R
(lxly)(l
′
xl
′
y)
ij [ϕ
K
l′xl′y
(αj)](αi)
ϕKlxly (αi)
. (A.2)
Putting lx = 0, ly = L and αi = 0,
〈0L|l′xl′y〉KL = (∓)l
′
x
√
(2l′x + 1)(2l′y + 1)×(
l′x l
′
y L
0 0 0
) ϕKl′xl′y (pi/3)
ϕK0L(0)
.
(A.3)
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Similar calculation for lx = L, ly = 0 and αi = pi/2
gives
〈L0|l′xl′y〉KL = (±)l
′
y
√
(2l′x + 1)(2l′y + 1)×(
l′x l
′
y L
0 0 0
) ϕKl′xl′y (pi/6)
ϕKL0(pi/2)
.
(A.4)
Appendix B. The hyperangular integrals
The wave function is written as sum of Faddeev
components, each in different coordinate set,
ΦLν (Ω) =
1√
4pi
3∑
i=1
YL0(yˆi)P
L
ν (αi)/ sin 2αi. (B.1)
Our aim is to evaluate the hyperangular integral,
IΩ =
∫
dΩ1Φ
0∗
ν (Ω)
∑
j
Y20(yˆj) cos
2 αj
Φ2ν′(Ω)(B.2)
Due to symmetry, one of the sums, say over j, can be
dropped giving a factor of 3. The integral (B.2) can be
further simplified utilizing the body-fixed coordinate
system [30]. Consider the two body-fixed vectors x10
and y10 such that xˆ10 · yˆ10 = γi. The transformation
from the body-fixed to system to the laboratory system
is given through the relation
Ylm(yˆi) =
∑
µ
Dlµm(ω)Ylµ(yˆi0), (B.3)
where Dlµm(ω) is the Wigner D-matrix, and the
rotation ω is the set of 3 Euler angles. Applying this
transformation, for fixed αi,
1
4pi
∫
dxˆi
∫
dyˆiY
∗
lm(yˆi)Yl′m′(yˆj) =∫
dγi
∑
µ,µ′
Y ∗lµ(yˆi0)Yl′µ′(yˆj0)
∫
dωDl∗µm(ω)D
l′
µ′m′(ω)
.(B.4)
Now one can utilize the orthogonality of the Wigner
D-matrix,∫
dωDl∗µm(ω)D
l′
µ′m′(ω) =
8pi2
2l + 1
δl,l′δµ,µ′δm,m′ (B.5)
and the addition theorem∑
µ
Y ∗lµ(yˆi0)Ylµ(yˆj0) =
2l + 1
4pi
Pl(γij) (B.6)
where Pl(γij) is the Legendre polynomials and γij =
yˆi0 · yˆj0. Choosing xi0 = ρ sin(αi)zˆ and yi0 =
ρ cos(αi)(
√
1− γ2i xˆ+ γizˆ),
γij(αi, γi) = − cosαi ±
√
3γi cosαi√
1 + 2 sin2 αi ±
√
3γi sin 2αi
. (B.7)
Finally,
IΩ =
3
4
√
pi
∫ 1
−1
dγ1
∫ pi/2
0
dα1 sin
2 α1 cos
4 α1×∑
i,k
P2(γ1k)
P 0∗ν (αi)
sin 2αi
P 2ν′(αk)
sin 2αk
,
(B.8)
where αi = αi(α1, γ1) is given by (14).
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